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Abstract

A tree-like fin is investigated and optimized by the constructal optimization method. The tree shape is not mimicked. Rather, the T-shaped
fin—which was optimized in a previous paper—is enhanced geometrically. This fin is allowed to grow new branches to allow more of the
fin-material to get to the surface area and transfer heat directly to the reservoir. For that, the new fin is adding more branches in each major
step of the optimization process until an optimum shape—that delivers the maximum base heat—is found. Fin material (volume fraction) and
fin allocated volume (frontal area) are constrained. In this paper the tree-shaped fin is kept uniform as in uniform thicknesses of the stem and
the branches, and an equal length and equal thicknesses of all branches. The thermal performance of the optimized tree-shaped fin is four
to be much better than the performance of the longitudinal fin and the optimized T-shaped fins, and it has a compact size.
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1. Introduction Table 1
Numerical examples of optimized fing{ = 0.086,a = 0.185)
Fin design qB Aspect ratio
Fins have long been recognized as effective means to aug-optimized longitudinal fin 0.031 245
ment heat transfer. The literature on this subject is sizeable.T-shaped fin optimized by Kraus [5] 0.040 0.4829
In recent paper [1], Bejan and Almogbel have contributed Constructal optimized T-shaped fin [1] 0.0516 0.141
Double-constrained tree-shaped fin 0.0712 1

to this effort by the utilization of constructal optimization
method. The new aspect that is contributed by the construc- ~ Using the same frontal area of other designs.

tal method is the complete geometric optimization of the fin

when the total inhabited volume is fixed. In order toillustrate ~ Another useful result that was revealed for the constructal
this aspect in the most transparent terms, the authors haveéptimized T-shaped fin was that certain architectural features
applied the constructal optimization method to some of the are relatively “robust”, i.e., insensitive to changes in design
simplest assembly types that have been recognized in pracparameters. The feature of robustness was impo_rtant _for the
tice. Three assembly configurations have been optimized.constructal T-shaped fin because the aspect ratio of its op-
The simplest was the T-shaped fin, for which was shown t|m|zeq shape was found t_o bg geom.etrlcally _|mpract|cal,
that the constructal optimization can lead to substantial in- especially for compact applications as in heat sinks of note-

. . o . book computers and miniature electronic devices.
crease in global conductance relative to longitudinal fin and In order to enhance the thermal performance of the op-
to previously optimized (by different method) T-shaped fin P P

desi that fill th | d h timized T-shaped fin, and to overcome its geometrical im-
esigns that hill the same volume and use the same amounbracticality, it must be allowed to evolve. In this paper, the
of fin material (e.g., Table 1).

T-shaped fin is allowed to grow new branches to allow more
of the fin-material to get to the surface area to transfer heat
directly to the reservoir. Starting from the T-shape, the new

E-mail address: majedalmogbel@yahoo.com (M.A. Aimogbel). fin adds more branches in each major step of the optimiza-
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Nomenclature

A frontal allocated area of thefin............ °m  Greek symbols

Asf fin material cross—ggctional area...... 5o i m 4 volume fraction of fin material
h heat'transfer coefficient ....... I WK~ 9 dimensionless temperature
imax maximum number of branch pairs

k thermal conductivity............. whiK-1 Subscripts

L; length of stem portion................... m opt optimum

Ly; Iength ofbranch ........................ m i stem or branch pair number
qB overall heat conductance.................. W p branch

Qi branchi base heat transferrate ............ W m maximized once

t thickness of stem portion................ m mm maximized twice

toi thicknessofbranch..................... m )

T; temperature atjunction. ................. K Superscript

Ty temperature at stemlength.............. K ~ dimensionless notation

tion process until an optimum shape, that delivers the max- panen B T .
. . . . . L. b imax max b imax imax
imum base heat- is found. Fin material (volume fraction) pairimax 3 i

and fin allocated volume (frontal area) are constrained. Stem i fma-1
lengths ratios, branches lengths ratios, stem thicknesses ra: A
tios, and branches thicknesses ratios are all fixed. The sim- : ;
plifications of the constructal T-shaped fin [1] are adopted [ Lo »
here too; a unidirectional conduction model is assumed and (o
a uniform heat transfer coefficient for the flow over the fin oy T
surface. it Wi II b to:
Qiui J’
— t —3
2. Unidirectional conduction model
Consider the tree-shaped assembly of fins sketched in Tz
Fig. 1, multiple “elemental” fins (branches) of thicknesses .. 4 T Li
tn; and length<Lp; (bi denotes branch pair numb@rserve pair | bl e ‘1
as tributaries to a stem portions of thicknessesd lengths Qa
L; (i denotes the stem portion that branch pair numbeés b —
connected to, at top). By having only one level of branch- Stem
ing the shape in Fig. 1 represents a first construct of the bt —t—
tree-shaped fin. The thicknesses and lengths of all branches
are made equal, so are the thicknesses and lengths of all }
v

stem portions. The configuration is two-dimensional, with
the third dimensionW’) sufficiently long in comparison with
Li.., andLyp; ... The heat transfer coefficient)is uniform Fig. 1. A tree-shaped fin.
overall the exposed surfaces. Specified are the temperatures
of the root(7g) and the fluid(7). The temperatures atthe  constraints, namely, the total volume (i.e., frontal allocated
junctions(7;) are unknowns, and vary with the geometry of area) constraint,
the assembly.

The objective of the following analysis is to determine A = 2LipaLbina  (CONStant) 1)
the optimal geometry that is characterized by the maximum

" and the fin-material volume constraint,
global thermal conductancgs/(7Ts — T~), Wheregg is

the heat current through the base of the stem. The optimal imax

geometry is represented by the overall aspect ratio of the Af = ) (2Lyitoi +1tL;)  (constant) )
tree-shaped fifL;,,.,/2Lui,g,) OF Slenderness, the individ- 1

ual branches-to-stem aspect ratig;/#;), and the number The latter can be expressed as the fin volume fragtien

of branch pairgimax). The optimization is subjected to two  Az/A, which is a constant considerably smaller than 1.
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The analysis that delivers the global conductance as awhere
function of the assembly geometry consists of accounting 12,2 ~ 122
for conduction along the stem and the branches, and invok- 7 = [Slnh(aL L ) - COS}"( Lit; ) ]

ing the continuity of temperature and heat currents at the % [Slnh(aL~ i 1/2 )Cost( I 3 1/2)
junctions. The assumptions of a unidirectional conduction ’: 1
model [2] are used for the stem and the branches. The valid- - Sinh(aL,-t ) CoshaL;_1i, / )]

ity of this model is tested later in Egs. (13), (14).

e ~ ~_1/2 . 1/2
The solution for a fin with non-negligible heat transfer « =[Sinh(aL; )Smh(aLl’lt' )

through the tip [2] is applied for the branches, - Cos}‘(aZi._l/Z) CoshaL;_1i, 1/2)]
Ybi [Slnh(aLl 1 /2) Cosi(aL . l/2)
kW(T; — Tso)

—Slnh(aLt 1/2 )Cosr(aL, 17 1/2)]

~1/2 1
;/225'“W0Lbﬂb )+at / Cosr(aLb,tb /2 ) 3) . 12
" 2CoshaLpiiy %) +atl/2 Sinha Ly, %) g = ( ’;“1> [S|nr(aL,+1t )Smh(aL I 1/2)
i
where —Cos}‘(aL,+1t )CosI‘(aLt 12 )]
~ Lbi . thi 2nAY2\ Y2 1/2
(Loi i) = My = (4, 5) [Slnh(aL i, )Cosk(aLlJrlzl+l )
AY/2 k 1/2
’ ) - Slnh(aL,+1t )Cos}‘(aL . )]
Eg. (3) shows the emergence of the dimensionless parame- 12
ters(a, Lp;, Ip;) which influence the dimensionless branches ~ (ti+1 _ —1/2\2
conductancéy; = gp; /[kW (T; — Ts)]. Note the use oA /2 g l+1’[S'nh(aL tz+l ) COS““L fii1)]
as length scale in the nondimensionalization of the linear di- 1/2
mensions. [Smh(aL i )Cosk(aL,Ht )
b i ; 1/2
The temperature distribution along the s_tem porﬂ,on, — Sm}q(aL,Jrlerl )Cosf(aL t:+1/ )]
from the root of the stemx(= L;_1) to the junction at the 12 /2 1/2
top (x = L;), is r= 2<th> ZSInf‘(aLb, tb ) +aty; COSf‘(aLb,tb )
_ f 1/2 1/2 =12
Ty — Too = C1- Sinh(m;x) + C2- Costmix) ©6) i/ 2CostaLyify; %) +afy " Sinh(aLify; ')
where Similar analysis of the top most junctiqw = L;,,,) of
T T the tree-shaped fin reveals its dimensionless junction temper-
= M—_O‘J[Sinr(miLi,l) Coshim; L;) AtUre B o iman—1» which is a function of only five parameters
Slnr(miLi—l) . (a Ll , tl ’ Ll —1, Lbl ’ tbl )
— 9’.’[._1 Slnr-(miLi_l) COSI’(miLi_l) max?’ “!max max max max.
— 2Sinkm; L;) Costim; Li _1)] O i1 = ﬁ 9)
X [Sinh(miL,-,l) COSI’(miL,')
1 where
— Sinf\(miLi) COSf'(miLi_]_)] 1202 1202
C2=(T;_1— Too)[gi,ifl Sinh(m; L;_1) — Sinh(m,»L,-)] [Smh(aleaX imax ) COSl(aleaX imax ) ]
x [ Sinhm; L;_1) Costim; L) x [ SinN(aLipge-17;+/%) Cost{aLipgd; /%)
. -1
— Sinh(m; L;) Coshim; L;_1)] — Smh(aL,max i -1/2 ) Cosr(aL,max_ltlm:X/Z)]
The fin parametem; = (2h/kt;)1/2 can be expressed as [Smh(aL,maxZ l/2) Slnh(aL,max_ltl 1/2)
~ ~_1/2 . . . . max
m;L; =aLt; . Next, T, is substituted in the equation for _ 1/2 1/2
the continuity of heat current at the junctioss,= g; 11 + Cosr(aL’"‘a“ )COSP(QL’maX_lt’max )]
2qpi x [ Sinh(aLipa-17; /%) CosH{aLipadi /%)
aT aT 1/2 1/2
—kt; W < ) —ktH_lW(—) + 2gpi (7) — Slnh(aL,maXl / )COSl(aL,max_ltlmax/ )]
ox 0x /oy, 12
b
which can be arranged in a dimensionless form, and solved¥ = 2( lmax)
to establish the dimensionless junction temperatijre,, = fmax ~ ~ 5
(T; — Too)/(Ti—1 — Tx), @S @ funcLion of~the diLnensionIess 2Sinr(aLbimaxtblma ) +at / Cosr(aLb,-maxtblm:X)
parameters of the fin assembly, ;, fi, Li—1, Lit1, fiy1, X ~ 1/2 1/2 : ~ 1/2
Lbiu lTbi y 9i+1,i)1 2 CoshaLblmathlmaX ) + at SInlﬂ(aLblmaxtblmax )
n Finally, the global thermal conductance is obtained by ap-

Ori-1= Ct+B—7p+C ©) plying the continuity equation for the heat current through
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0.085

Phi=0.086
a=0.185

Li/Li =i

imax=3
Slenderness =0.25

the root,gg = g;—1 (x = 0). The result can be expressed as
a dimensionless global conductance of the tree-shaped fin,

0.084

qB

=~ 172
_ _ a2c0shaLaty /%) — 618 (10)
CkW(Te—Tw)

sinh(azlflfl/z) .

gB

for which61 g = (T1 — Tx)/(Ts — Two). Following the con-
catenation of Eqgs. (9), (8), then (10), provides the global
conductance of the tree-shaped dig as a function ofa,

L,, f, Lb, andiy,;: only three of these groups of parameters
are free to vary, because of the volume and fin material con- " o
straints (Egs. (1) and (2)), which now read ' o

0.082

0.12 0.14 0.16

2LimaxLbimax =1
imaX

¢= Z (Zzb,-fbi + fizi)
1

(11) Fig. 2. Optimizing the branches-to-stem thickness ratio for a fixgd and

aspect ratio.

(12)

0.086

Phi=0.086
a=0.185
Li/Li =i
imax=3

0.085

In the optimization code, the number of branches levels
(number of pairs of branchegyax), the slenderness (over-
all aspect ratio) of the tree-shaped fin, and the branches—to—aB
stem thickness ratio are used as degrees of freedom. Discrete  ooss |
values are assigned for other parameters, where the geomet-
ric parameters were fixed as equal branches lengths, equal
branches thicknesses, and equal stem portions thicknesses.
The fin parameter (a) is fixed at the value 0.185, and the fin
volume fractiong, is fixed at 0.086. » "

Note that when the optimum rati@,; /#;)opt is known, the ' ' -
individual thicknessesib; opt, 7;,0pt) Can be calculated eas-
ily from the material constraint (Eq. (12)). Similarly, when
the optimum overall aspect ratio of the fiD; 0 /2L 10i Jopt IS
known, the individual Iength(sL, opt; Lb, ,opt) follow imme-
diately from the volume constraint (Eq. (11)).

0.084

0.082 - Slenderness =0.25

0.081

0.14 0.16

Fig. 3. Optimizing the branches-to-stem thickness ratio for different values
of the aspect ratio and a fixéghax.

ratio of 0.25 and six branches. In Fig. 3, the aspect ratio
of the fin assembly is varied and an optimum branch-to-
stem thickness ratio with a corresponding maximized overall
heat conductance is found for each discrete value of the as-
pect ratio. Here, the maximized overall conductaggen
Results for the optimal geometry of the tree-shaped is maximized again with respect to the slenderness of the
fin can be generated by using the procedure sequence ofree-shaped fin(L;,../2Lp;). The effort of Fig. 3 is summa-
Figs. 2-5. The adopted procedure is a full optimization pro- rized in Fig. 4 as one curve that connegisy, values that
cedure that scans all—and more than—practical geometriescorresponds to different aspect ratios. The peak of Fig. 4 is
of the fin. The optimization sequence was to fix all variables the twice-maximized overall heat conductance of the tree-
then to search for the optimum value of branches-to-stem shaped fin. The end-result of this double maximization is
thickness ratio. Finding an optimum branches-to-stem thick- the twice-maximized overall heat conductagggnm shown
ness ratio for various values of the overall aspect ratio of the in Fig. 5, where the double maximization procedure was re-
fin is the second step in the sequence and leads to an optipeated for a wide range of the number of pairs of branches
mum slenderness. Varying the number of pairs of branches,of the tree-shaped fitigax.
imax, While repeating the previous two steps for every value  In this extensive numerical optimization work it is nec-
of imax comprises the final step of the optimization sequence essary to keep in mind the range of validity of the unidirec-
in the effort to find an optimum number of branches of the tional conduction model on which the analysis is based. The

3. Optimal tree-shaped geometry

tree-shaped fin.
Fig. 2 shows thafjg can be maximized with respect to
branch-to-stem thickness ratig/1;, i.e., with respect to the

internal shape of the fin assembly. The peak value of this

curve is the maximized overall heat conductargey,, that

model is valid when the following Biot number criterion is
satisfied [3]:

ht 1/2
(;) <1

(13)

corresponds to the optimum branch-to-stem thickness ratio,According to this criterion, the dimensionless thicknesses
(i /i)opt, IN @ tree-shaped fin that has an overall aspect (7, it;) must be small enough so that
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0.1 — . .
e cannot transfer less heat than the branches can dissipate. In
LiL1 =i constructal optimization method of fin arrays this limitation
009 ¢ (biltopt does not exist because the whole geometry of the fin assem-
TBm bly is optimized together. Another important characteristic

of the tree-shaped fin revealed in Fig. 5 is that the slope of the
tangent ofimax — gg.mm Curve decreases &gax increases,

i.e., the curve tends to get horizontal as more branches are
developed for the fin. This result is particularly important
because it means that the tree-shaped fin is going to reach a
point of diminishing returns, i.e., a point where more engi-
neering complexity is not justified by the little gain in overall
heat conductance.

0.08

0.07

0.06

015 Lgu, 02
2L,

0.1 0.25 0.3

Fig. 4. The once maximized overall conductance is maximized again with
respect to the overall aspect ratio.

4. Constrained tree-shaped geometry

05 Phi=0.036

a=0.185
Li/L1 =i
(tvi/ti)opt

An important problem in fin assemblies design is the
maximization of global thermal conductance in situations
where the shape or the given volume is fixed. For exam-
ple, available space is a major constraint during design of
notebook computers or miniature electronic devices. Manu-
facturing limits pose other constraints. For the tree-shaped
fin, it is now obvious that for every specified humber of
branches there is an optimum geometry of the fin that would
deliver the maximum base heat. But what if the aspect ratio
of the fin (space constraint) or the branches-to-stem thick-
ness ratio (manufacturing constraint) is to be specified?

To answer such questions, first the tree-shaped fin was
constrained to a specific branches-to-stem thickness ratio
(to;/t; = 0.25), then the optimization of the tree-shaped
fin was carried out in a similar manner as in the previ-
ous section. Fig. 6 is the result of this optimization. In-
terestingly it shows that if the branches-to-stem thickness
ratio is constrained an optimum number of branch pairs
0.1, where Biot numbers for all stem portion and all branches would be found. The optimum number of branch pairs when
were in the range of 0.005-0.037. thi/t; = 0.25 is 6 (i.e., 12 branches) with a correspond-

Fig. 5 shows that the overall conductance of the tree- ing twice-maximized conductance of 0.0802. For an uncon-
shaped fin increases as the number of pairs of branchesstrained tree-shaped fin with 6 pairs of branches the max-
imax iNcreases. This means that the performance of the treeimized global conductance is 0.116 (44% better than the
shaped fin is ever increasing with more complexity; the en- constrained fin) but with a branches-to thickness ratio as low
gineering practicality is the limit. Having no overall optimal as 0.045. The tree-shaped fin was then constrained to spe-
tree-shaped geometry is conceivable; because more branchegfic aspect ratios (Fig. 7). No optimum number of branch
means more fin material is getting to the surface of the fin pairs was found this case.

04

03

02

01

0

0 20 60 80 100

9 jmax

Fig. 5. The improvement of the twice-optimized overall heat conductance
with increasing number of pairs of branch&gax.

>\ 1/2 -\ 1/2
t; toi
a(é) <e¢ and a(%) <e

wheree is a number smaller than 1. The numerical results
described in this study satisfy the condition (14) witk=

(14)

and transferring heat directly to the reservoir. Note that the
individual configurations of Fig. 5 are all optimized both in-
ternally and externally for every value ¢hax. Hence, the

A third possibility is to apply two constrains to the tree-
shaped fin and search for an optimum configuration. Figs. 2
and 3 already show the behavior of a tree-shaped fin con-

geometry of the stem and the branches are mutually en-strained to both specific number of branches and specific
hanced so that only heat-delivery material is optimally put slenderness. For every constrained configuration as such,
on the surface to increase the overall heat transfer fromthere is an optimum geometry that delivers a maximized heat
the fin. This is an important result especially for the con- rate. Similarly, Fig. 6 is the result of a first stage of opti-
structal optimization method, because it means that—during mization that had constrained geometries relative to both the
optimization—constructal optimization method enables the number of branch pairs and the stem-to-thickness ratio. Al-
designer to avoid heat delivery choking in extended sur- though it is not shown, for every constrained configuration
face arrays. Heat delivery choking is the phenomenon thatin that stage there was an optimum geometry—with an opti-
Kraus et al. [4] has faced during optimization of extended mum slenderness—that delivers a maximum heat rate; oth-
surface arrays where the stem at some chosen dimensiongrwise no optimum would show up in Fig. 6. The new dou-
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0l Phi=0.086 0.08 Phi =0.086

a=0.185 a=0.185
Li/Li =i Li/lLi =i
0.09 -

thi/ti=0.25 007 | thi/ti=0.25

(Limax/2Lbi Jopt Slenderness = 1

0.08 0.06

0.07 | 0.05 |

0.06 0.04

0.05 L 0.03
! 10 imax 100 0 20 10 60

N 24
imax & 100 120

Fig. 6. The optimization of a constrained tree-shapedjiy; = 0.25. Fig. 8. The optimization of a double-constrained tree-shaped fin, aspect
ratio=1, ands,; /¢; = 0.25.

0.35 Phi=0.086

serdemes 202 ey Table 1 shows that the chosen tree-shaped fin surpassed

it its closest competitor by about 40% improvement in per-
formance. Keep in mind that this chosen tree-shaped fin
is double constrained. In fact, it was chosen this way and
given an aspect ratie: 1, and a specific stem-to-thickness
ratio, #p; /t; = 0.25, only to keep it far from the optimum
free tree-shaped fin for the comparison to be unbiased. For
example, an unconstrained tree-shaped fin with 12 pairs
‘ ‘ of branches (as in the double-constrained tree-shaped fin
80 100 120 of Table 1) has an overall thermal conductance of 0.15,
i.e., has about 200% improvement over the constructal op-
Fig. 7. The optimization of a constrained tree-shaped fin, aspect+4lip, timized T-shaped fin. Although better performer, this free
0.5,and 1. tree-shaped fin has an optimum aspect ratio of 0.129 (too
slim) and an optimum branch-to-stem thickness ratio of
ble constrained situation to explore is to constrain the tree- 0.02 (very thin), which makes the chosen double-constrained
shaped fin to both specific slenderness and specific stem{ree-shaped fin a better choice with a lower performance.
to-thickness ratio; would there be an optimum configuration The summarized result of these comparisons is that tree-
with an optimum number of branch pairs that delivers a max- shaped fins show a promising fin design with a substantial
imum heat for this situation? Fig. 8 answers this question by increase in performance and a very good range of design
showing an optimum configuration withax opt = 12. freedom (robustness) to accommodate a various heat trans-
It is now proven that more freedom to the tree-shaped fin fer needs.
is a synonym to better performance, but not to practical or
preferred shape. This finding is common in other works in
the area of constructal design (example, Ref. [9]). The good 5. Conclusions
news in all of this is that in all cases; free, constrained, or
double constrained, the tree-shaped has shown a substantial The analysis and optimization work presented in this
increase in performance than optimized longitudinal fin and paper showed that the global thermal conductance of tree-
optimized T-shaped fins. This means that even if one would shaped fin could be maximized by geometric optimization
sacrifice a little performance to have a preferred-shape con-subject to total volume and fin material constraints. The opti-
strained tree-shaped fin, it still would be better performer mization and the constraints deliver every geometric feature
than other fin designs. To show this, a numerical example of the fin. Noteworthy is the emergence of an optimal in-
of the optimized tree-shaped fin constrained to a specific ternal shape characteristic (e.g., the branches-to-stem thick-
slenderness (aspect ratiol) and to a specific branches-to- ness ratio, Fig. 2) and an optimal external shape for the
stem thickness ratiay; /¢; = 0.25) is presented in Table 1. assembly (e.g., the overall aspect ratio, Fig. 4). The perfor-
This example corresponds to a case optimized in an ear-mance of the twice-optimized tree-shaped fin increases as
lier study by Kraus [5], who used = 200 Wm~1.K~1, the number of pairs of branches increases. The construc-
h =60 W-m~2.K~1 and fin lengths and thicknesses that re- tal optimization of tree-shaped fin leads to substantial in-
quired a total frontal ared = 32.4 cn? and solid volume creases in global conductance relative to current optimal
fraction¢1 = 0.086. In this case = 0.185, cf. Eq. (5). The  designs that fill the same volume and use the same amount
four designs of Table 1 satisfy the assumed unidirectional of fin material (e.g., Table 1). Although, the improvement
conduction model. in performance of the tree-shaped fin with respect to con-

03

025
02
qB,m
0.15

0.1

0.05

0

0 20 40 60 imax
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